Abstract. We i n vestigate the system TRC o f u n typed illative combinatory logic that is equiconsistent with New Foundations. We prove that various unstrati ed combinators do not exist in TRC.
Introduction. We prove some results in the axiomatic system TRC i n troduced in 3 .
The system TRC for`type-respecting combinators' is an untyped system of combinatory logic, in the sense of 1 , 2 . TRC is a rst order theory of functions combinators with equality and is illative, i.e. capable of expressing notions of propositional logic. Moreover, it is combinatorially complete for strati ed combinators. The main interest of TRC i s t h a t it is equiconsistent with the theory NF 6 , Quine's`New Foundations'. As the consistency of NF remains an open problem, so does the consistency of TRC.
The objects of study of a combinatory logic are combinators. W e denote xy the application of the combinator x to the combinator y, and adopt the convention that xyz = xyz.
The language of TRC has in addition to equality and the binary function xy constants Abst, Eq, p 1 and p 2 , and functions kx and hx; yi. The It has a powerful abstraction property: for every term t a n d a v ariable x, there is a term xt in which x does not occur, such that for every term s, xts = t s=x :
This guarantees, among others, the existence of a xed point for every combinator, and implies that simple notions of propositional logic cannot be represented by combinators.
Suppose that Negis the negation combinator, and consider u = xNegxx. Then uu = Neguu.
The theory TRC is an illative theory, in the sense that it can encode notions of propositional logic. It also has an abstraction property Theorem 1 of 3 . The term xt can be constructed for every t in which x occurs with no type other than 0. For details about typing see 3 . It follows that TRC p r o ves the existence of all strati ed combinators. Examples of strati ed combinators are xxy, xyyz, yxyz: in yxyz, z has type 0, y has type 1 and x has type 2. In fact, Abst Abst Ixy = xxy, AbstAbstAbstxyz = xyyz, and AbstAbst xyz = yxyz.
We will show in Section 3 that with the exception of I the standard combinators used in classical combinatory logic do not exist in TRC. We shall give m a n y examples of unstrati ed combinators whose existence contradicts the axioms of TRC.
In searching for proofs of the various results in TRC, we used a computer extensively and used the automated theorem prover OTTER 5 .
2. Some Basic Facts on TRC.
In this sectioin we d e r i v e some simple equalities from the axioms of TRC, and use a selfreference argument to obtain some simple negative results. First we state some properties of the abstraction combinator see also 4 : We shall now turn to negative results. In Section 3 we shall present a n umber of combinators that do not exist in TRC. Each proof will use one of the following basic negative results that use self-reference: 3.12. With these modi cations, all proofs in Section 3 go through in TRCL, and we h a ve Theorem 4.3. None of the combinators B; C; :::; W 3 exist in TRCL.
As for the remaining equalities in Theorems 2.1 and 2.3, we w i l l s h o w that in TRCL they are all equivalent to Extensionality. If AbstAbst kx = kx t h e n f o r a n y y Lx = Lkxy = LAbstAbst kxy = AbstAbst kxy = kxy = x.
